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Abstract 

Neutrosophic set is a part of neutrosophy which studies the origin, 
nature, and scope of neutralities, as well as their interactions with dif- 
ferent ideational spectra. Neutrosophic set is a powerful general formal 
framework that has been recently proposed. However, neutrosophic set 
needs to be specified from a technical point of view. To this effect, we 
define the set-theoretic operators on an instance of neutrosophic set, we 
call it interval neutrosophic set (INS). We prove various properties of INS, 
which are connected to the operations and relations over INS. Finally, we 
introduce and prove the convexity of interval neutrosophic sets. 



Key words: Neutrosophic set, interval neutrosophic set, set-theorectic oper- 
ator, convexity 



1 Introduction 

In this section, we introduce the related works, motivation and the problems 
that we are facing. 

1.1 Related Works and Historical Perspective 

The concept of fuzzy sets was introduced by Zadeh in 1965 [Jj. Since then 
fuzzy sets and fuzzy logic have been applied in many real applications to han- 
dle uncertainty. The traditional fuzzy set uses one real number ij.a{x) G [0,1] 
to represent the grade of membership of fuzzy set A defined on universe X. 
Sometimes f^A^x) itself is uncertain and hard to be defined by a crisp value. So 
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the concept of interval valued fuzzy sets was proposed 0] to capture the uncer- 
tainty of grade of membership. Interval valued fuzzy set uses an interval value 
[fij^{x) , fi^{x)] with < ^^(2;) < f^Ai^) < 1 to represent the grade of member- 
ship of fuzzy set A. In some applications such as expert system, belief system 
and information fusion, we should consider not only the truth- membership sup- 
ported by the evidence but also the false-membership againsted by the evidence. 
That is beyond the scope of fuzzy sets and interval valued fuzzy sets. In 1986, 
Atanassov introduced the intuitionistic fuzzy sets ^ which is a generalization of 
fuzzy sets and provably equivalent to interval valued fuzzy sets. The intuition- 
istic fuzzy sets consider both truth-membership and false- membership. Later 
on, intuitionistic fuzzy sets were extended to the interval valued intuitionistic 
fuzzy sets 2 . The interval valued intuitionistic fuzzy set uses a pair of intervals 
[t^,t+], < t- <t+ <1 and [/",/+], </-</+< 1 with t+ + /+ < 1 
to describe the degree of true belief and false belief. Because of the restriction 
that + f'^ < 1, intuitionistic fuzzy sets and interval valued intuitionistic fuzzy 
sets can only handle incomplete information not the indeterminate information 
and inconsistent information which exists commonly in belief systems. For ex- 
ample, when we ask the opinion of an expert about certain statement, he or 
she may say that the possibility that the statement is true is between 0.5 and 
0.7 and the statement is false is between 0.2 and 0.4 and the degree that he or 
she is not sure is between 0.1 and 0.3. Here is another example, suppose there 
are 10 votees during a voting process. In time ti, three vote "yes", two vote 
"no" and five are undecided, using neutrosophic notation, it can be expressed 
as a:(0.3, 0.5, 0.2). In time t2, three vote "yes", two vote "no", two give up and 
three are undecided, it then can be expressed as a:(0.3, 0.3, 02). That is beyond 
the scope of the intuitionistic fuzzy set. So, the notion of neutrosophic set is 
more general and overcomes the aforementioned issues. 

1.2 Motivation 

In neutrosophic set, indeterminacy is quantified explicitly and 
truth-membership, indeterminacy-membership and false-membership are inde- 
pendent. This assumption is very important in information fusion when we try 
to combine the data from different sensors. Neutrosophy was introduced by 
Florentin Smarandache in 1980. "It is a branch of philosophy which studies 
the origin, nature and scope of neutralities, as well as their interactions with 
different ideational spectra" j5|. Neutrosophic set is a powerful general formal 
framework which generalizes the concept of the classic set, fuzzy set 7 , inter- 
val valued fuzzy set intuitionistic fuzzy set jlj, interval valued intuitionistic 
fuzzy set 0, paraconsistent set jHj, dialetheist set 0, paradoxist set [Hj, tauto- 
logical set jHj. A neutrosophic set A defined on universe U. x = x{T, I,F) G A 
with T,I and F being the real standard or non-standard subsets of ]0~,1"'"[. 
T is the degree of true membership function in the set A, I is the degree of 
indeterminate membership function in the set A and F is the degree of false 
membership function in the set A. 

The neutrosophic set generalizes the above mentioned sets from philosophical 
point of view. From scientific or engineering point of view, the neutrosophic set 
and set-theoretic operators need to be specified. Otherwise, it will be difficult 
to apply in the real applications. In this paper, we define the set-theoretic 
operators on an instance of neutrosophic set called interval neutrosophic set 
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(INS). We call it as "interval" because it is subclass of ncutrosophic set, that is 
we only consider the subunitary interval of [0, 1]. 

1.3 Problem Statement 

An interval ncutrosophic set A defined on universe X, x = x{T, I, F) £ A with 
T, / and F being the subinterval of [0, 1] . Interval ncutrosophic set can represent 
uncertainty, imprecise, incomplete and inconsistent information which exist in 
real world. The interval ncutrosophic set generalizes the following sets: 

1. the classical set, 7 = 0, infT = supT = or 1, inf = sup-F = or 1 
and sup T + sup F — I. 

2. the fuzzy set, 1 = 9, infT = supT G [0,1], infF = supF e [0,1] and 
supT + supF = 1. 

3. the interval valued fuzzy set, 7 = 0, inf T, sup T, inf F, sup F £ [0,1], 
supT + inf F = 1 and infT + supF = 1. 

4. the intuitionistic fuzzy set, 7 = 0, infT = supT G [0, 1], infF = supF G 
[0,1] and supT + supF < 1. 

5. the interval valued intuitionistic fuzzy set, 7 = 0, inf T, sup T, inf F, sup F G 
[0,1] and supT + supF < 1. 

6. the paraconsistent set, 7 = 0, infT = supT G [0, 1], inf F = supF G [0, 1] 
and sup T + sup F > 1 . 

7. the interval valued paraconsistent set, 7 = 0, inf T, sup T, inf F, sup F G 



The relationship among interval ncutrosophic set and other sets is illustrated 
in Fig HI 

Note that — > in Fig. ^ such as a ^ & means that b is a generalization of a. 

We define the set-theoretic operators on interval ncutrosophic set (INS). 
Various properties of INS are proved, which are connected to the operations 
and relations over INS. 

The rest of paper is organized as follows. Section El gives a brief overview 
of ncutrosophic set. Section |21 gives the definition of interval ncutrosophic set 
and set-theoretic operations. Section 0] gives some properties of set-theoretic 
operations. Section |5l gives the definition of convexity of interval ncutrosophic 
sets and prove some properties of convexity. Section El concludes the paper. 
To maintain a smooth flow throughout the paper, we present the proofs to all 
theorems in Appendix. 

2 Neutrosophic Set 

This section gives a brief overview of concepts of neutrosophic set defined in . 
Here, we use different notations to express the same meaning. Let Si and ^2 
be two real standard or non-standard subsets, then 5*1 © 5*2 = {x\x = si + 
S2, si G 5*1 and S2 £ S2}, {1+} ® 5*2 = {x\x = 1+ + S2, S2 e 6*2}. 6*1 6*2 = 
{x\x = si - S2, si G and S2 G 52}, {1+} 5*2 = {x\x = 1+ - S2, S2 e 82}- 
Si Q S2 = {x\x = si • 32, si G 5*1 and S2 G ^2}. 
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neutrosophic set 



interval neutrosophic set 




interval valued intuitionistic 
fuzzy set 



interval valued 
paraconsistent set 



(intuitionistic fuzzy set) 
interval valued fuzzy set 



paraconsistent set 



fuzzy set 
classic set 

Figure 1: Relationship among interval neutrosophic set and other sets 

Definition 1 (Neutrosophic Set) Let X be a space of points (objects), with 
a generic element in X denoted by x. 

A neutrosophic set A in X is characterized by a truth-membership function Ta, 
a indeterminacy-membership function I a and a false-membership function Fa ■ 
Ta{x), Ia{x) and Fa{x) are real standard or non-standard subsets o/]0~,l+[. 
That is 



There is no restriction on the sum of Ta{x), Ia{x) and Fa{x), so < 
sup Ta{x) + sup /a (a;) + sup Fa{x) < 3+. 

Definition 2 The complement of a neutrosophic set A is denoted by A and is 
defined by 



Ta-.X 
Ia-.X 
Fa-.X 




(1) 
(2) 
(3) 




{1+}qTa{x), 

{i+}eiAix), 
{i+}eFA{x), 



(4) 
(5) 
(6) 



for all X in X 
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Definition 3 (Containment) A neutrosophic set A is contained in the other 
neutrosophic set B, AC B, if and only if 

inf Ta(.t) < inf TB(a;) , sup Ta (a;) < sup TB(a;), (7) 
mi Fa{x) > ini Fb{x) , sup Fa{x) > sup Fb{x), (8) 

for all X in X. 

Definition 4 (Union) The union of two neutrosophic sets A and B is a neu- 
trosophic set C, written as C = AUB, whose truth-membership, indeterminacy- 
membership and false-membership functions are related to those of A and B by 

Tc{x) = TA{x)®TB{x)eTA{x)QTB{x), (9) 

Ic{x) = lA{x)®lB{x)elA{x)QlB{x), (10) 

Fc{x) = FA{x)®FB{x)eFA{x)QFB{x), (11) 

for all x in X. 

Definition 5 (Intersection) The intersection of two neutrosophic sets A and 

B is a neutrosophic set C , written as C = Af] B, whose truth -memher ship, 
indeterminacy-membership and false-membership functions are related to those 
of A and B by 

Tc{x) = Ta{x)QTb{x), (12) 
Ic{x) = Ia{x)QIb{x), (13) 
Fc{x) = Fa{x)&Fb{x), (14) 

for all X in X. 

Definition 6 (Diff'erence) The difference of two neutrosophic sets A and B 

is a, neutrosophic set C , writeen as C = A \ B, whose truth-membership, 
indeterminacy-membership and false-membership functions are related to those 
of A and B by 

Tc{x) = TA{x)eTAix)@TB{x), (15) 
Ic{x) = Ia{x) e Ia{x) G Ib{x), (16) 
Fc{x) = Fa{x)0Fa{x)qFb{x), (17) 

for all X in X. 

Definition 7 (Cartesian Product) Let A be the neutrosophic set defined on 

universe Ei and B he the neutrosophic set defined on universe E2. Ifx{T\, l\, F\) S 
A and y(T|,/^,F^) e B, then the cartesian product of two neutrosophic sets 
A and B is defined by 

{x{Tl I\, F\), y{Tl, II, Fl)) eAxB (18) 
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3 Interval Neutrosophic Set 



In this section, we present the notion of interval neutrosophic set (INS). Interval 
neutrosophic set (INS) is an instance of neutrosophic set which can be used in 
real scientific and engineering applications. 

Definition 8 (Interval Neutrosophic Set) Let X be a space of points (ob- 
jects), with a generic element in X denoted by x. 

An interval neutrosophic set (INS) A in X is characterized by truth-membership 
function Ta, indeterminacy-membership function I a and false-membership func- 
tion Fa- For each point x in X, Ta(x),Ia{x),Fa{x) C [0, 1]. 

An interval neutrosophic set (INS) in is illustrated in Fig. [21 




Figure 2: Illustration of interval neutrosophic set in 
When X is continuous, an INS A can be written as 

A^ f {T{x),I{x),F{x)}/x, xeX (19) 
Jx 

When X is discrete, an INS A can be written as 

n 

A = ^(r(x,), I{x^), F{x,))/x,, X, e X (20) 

i=l 

Consider parameters such as capability, trusthworthiness and price of se- 
mantic Web services. These parameters are commonly used to define quality of 
service of semantic Web services. In this section, we will use the evaluation of 
quality of service of semantic Web services as running example to illustrate 
every set-theoretic operation on interval neutrosophic set. 
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Example 1 Assume that X = [xi, X2, x^]. xi is capability, X2 is trustworthi- 
ness and X3 is price. The values of xi, X2 and X3 are in [0, 1]. They are obtained 
from the questionaire of some domain experts, their option could be degree of 
good, degree of indeterminacy and degree of poor. A is an interval neutrosophic 
set of X defined by 

A = ([0.2,0.4], [0.3,0.5], [0.3, 0.5]}/a;i + ([0.5,0.7], [0,0.2], [0.2, 0.3])/a;2 + 
([0.6,0.8], [0.2,0.3], [0.2, 0.3])/x3. 

B is an interval neutrosophic set of X defined by 

B = ([0.5, 0.7], [0.1, 0.3], [0.1, 0.3])/a;i + ([0.2, 0.3], [0.2, 0.4], [0.5, 0.8]}/x2 + 
([0.4,0.6], [0,0.1], [0.3, 0.4])/x3. 

Definition 9 An interval neutrosophic set A is empty if and only if its mlTAix) = 
supTa{x) = 0, iid Ia{x) = supIa{x) ~ 1 and mi Fa{x) = supTA(a::) = 0, for 
all X in X . 

We now present the set-theoretic operators on interval neutrosophic set. 

Definition 10 (Complement) The complement of an interval set A is de- 
noted by A and is defined by 



Ta{x) ^ Fa{x), (21) 

inf/^(a;) = 1-sup/a(x), (22) 

supJ^(a;) = 1 — inf/^(a;), (23) 

FAix) = Ta{x), (24) 



for all X in X . 

Example 2 Let A be the interval neutrosophic set defined in Example^ Then, 
A = ([0.3, 0.5], [0.5, 0.7], [0.2, 0.4])/a;i + ([0.2, 0.3], [0.8, 1.0], [0.5, 0.7])/a;2 + 
([0.2,0.3],[0.7,0.8],[0.6,0.8])/a;3. 



Definition 11 (Containment) An interval neutrosophic set A is contained 



in the other interval neutrosophic set B , A C B , if and only if 

inf Ta{x) < irdTB (x) , sup (x) < sup Tb (a;), (25) 

inf Jyi(a;) > inf /^(a::) , sup /a (a;) > sup /_b (a;), (26) 

inf i^_A(a;) > inf FB(a;) , sup^A(a;) > supFB(a;), (27) 



for all X in X . 

Note that by the definition of containment, X is partial order not linear 
order. For example, let A and B be the interval neutrosophic sets defined in 
Example Then, A is not contained in B and B is not contained in A. 

Definition 12 Two interval neutrosophic sets A and B are equal, written as 
A = B , if and only if A C B and B C A 
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Definition 13 (Union) The union of two interval neutrosophic sets A and 
B is an interval neutrosophic set C, written as C = A U B , whose truth- 
membership, indeterminacy-membership and false-membership functions are re- 
lated to those of A and B by 

MTcix) ^ max(infT4(.x),inf 75(2;)), (28) 

supTc{x) — max(supr4(a;),suprB(a;)), (29) 

inf/c(a:;) = min(inf /^^(a;), inf /^(a;)), (30) 

swplc'ix) = niin(sup/^(x),sup/B(x)), (31) 

infFc(a;) = min(inf FA(a;), inf i^B(a;)), (32) 

supFc(a;) = min(sup Fa(x), sup ^5(2;)), (33) 

for all X in X . 

Example 3 Let A and B be the interval neutrosophic sets defined in Exam- 

ple\^ Then, AiJ B = ([0.5, 0.7], [0.1, 0.3], [0.1, 0.3])/xi + 

([0.5, 0.7], [0, 0.2], [0.2, 0.3]}/2;2 + ([0.6, 0.8], [0, 0.1], [0.2, 0.3])/x3. 



The intuition behind the union operator is that if one of elements in A and 
B is true then it is true in A U i3, only both are indeterminate and false in A 
and B then it is indeterminate and false va AU B. The other operators should 
be understood similarly. 

Tiieorem 1 AiJ B is the smallest interval neutrosophic set containing both A 
and B . 

Definition 14 (Intersection) The intersection of two interval neutrosophic 
sets A and B is an interval neutrosophic set C , written as C = AC\ B , whose 
truth-membership, indeterminacy-membership functions and false-membership 
functions are related to those of A and B by 

infrc(a;) = min(inf TA(a;), inf TB(a;)), (34) 

supTc(a;) = min(sup TA(a;), sup TB(a;)), (35) 

milc{x) — niax(inf 7^1(2;), inf /^(a;)), (36) 

sup/c(a;) — niax(sup 7^1(2;), sup /^(a;)), (37) 

infFc(a;) = max(inf FA(a;),inf 7^5(2;)), (38) 

supFc(2;) = max(supFy!i(2;), sup 7^s(a;)), (39) 

for all X in X . 

Example 4 Let A and B be the interval neutrosophic sets defined in Exam- 

ple{^ Then, AnB^ ([0.2, 0.4], [0.3, 0.5], [0.3, 0.5])/2;i + 

([0.2, 0.3], [0.2, 0.4], [0.5, 0.8])/x2 + ([0.4, 0.6], [0.2, 0.3], [0.3, 0.4])/x3. 



Tiieorem 2 An B is the largest interval neutrosophic set contained in both A 
and B. 
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Definition 15 (Difference) The difference of two interval neutrosophic sets 
A and B is an interval neutrosophic set C, writeen as C = A \ B, whose 
truth-membership, indeterminacy-membership and false-membership functions 
are related to those of A and B by 



inf Tc{x 
sup Tc{x 
inf Ic {x 
sup Ic{x 
inf Fc {x 
sup Fc (x 



inin(inf r4(a;), inf Fb{x)), 
min(suprA(a;), supFB(a;)), 
max(inf /^(a;), 1 — siiplsix)), 
max(sup/^(a;), 1 — inf Ib{x)), 
max(inf Fa (a;), inf Tb{x)), 
max(supFA(a;), supTB(a;)), 



(40) 
(41) 
(42) 
(43) 
(44) 
(45) 



for all x in X . 



Example 5 Let A and B be the interval neutrosophic sets defined in Exam- 

ple{M Then, A\B= ([0.1, 0.3], [0.7, 0.9], [0.5, 0.7])/xi + 

([0.5, 0.7], [0.6, 0.8], [0.2, 0.3])/x2 + ([0.3, 0.4], [0.9, 1.0], [0.4, 0.6])/x3. 

Theorem 3 A C B ^ B <Z A 

Definition 16 (Addition) The addition of two interval neutrosophic sets A 
and B is an interval neutrosophic set C , writeen as C = A -\- B , whose truth- 
membership, indeterminacy-membership and false-membership functions are re- 
lated to those of A and B by 

(46) 
(47) 
(48) 
(49) 
(50) 
(51) 
for all X in X . 

Example 6 Let A and B be the interval neutrosophic sets defined in Exam- 

ple\^ Then, A + B= ([0.7, 1.0], [0.4, 0.8], [0.4, 0.8]}/xi + 

([0.7, 1.0], [0.2, 0.6], [0.7, 1.0])/X2 + ([1.0, 1.0], [0.2, 0.4], [0.5, 0.7])/a;3. 



inf Tc" (a;) 


= min(inf rA(a;) - 


- inf TB(a;), 1), 


suprc(a;) 


= min(sup Ta (x) 


+ supTB(a;), 1) 


inf Ic (x) 


= min(inf /yi(a;) -f 


' inf Ib{x), 1), 


sup 1(7 (x) 


= niin(sup/A(a;) - 


f sup Ib{x), 1), 


inf Fc (x) 


= niin(inf F^ (x) - 


hinfFB(x),l), 


sup Fc (x) 


= min(supFyi(x) 


+ supFB(a;), 1) 



Definition 17 (Cartesian product) The cartesian product of two interval 
neutrosophic sets A defined on universe Xi and B defined on universe X2 is an 
interval neutrosophic set C , writeen as C ~ A x B , whose truth-membership, 
indeterminacy-membership and false-membership functions are related to those 
of A and B by 

iniTc{x,y) = inf rA(a;) + inf Tb (y) - inf Ta(x) • inf ^^(y), (52) 
supTc{x,y) = supTA(a;) + supTsiy) - sup Ta(x) • supTB(y), (53) 
inf/c(2:,2;) = iuf I Aix) ■ sup I B{y), (54) 
sup/c(a;,?;) = sup/yi(a;) • sup/_B(j/), (55) 
MFc{x,y) - ■miFA{x)-MFB{y), (56) 
sup Fc{x,y) = supFa(x) • supFs(y), (57) 
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for all X in Xi , y in X2 ■ 

Example 7 Let A and B be the interval neutrosophic sets defined in Exam- 
ple{M Then, AxB^ ([0.6, 0.82], [0.03, 0.15], [0.03, 0.15])/xi + 
([0.6,0.79], [0,0.08], [0.1, 0.24]}/a;2+ ([0.76,0.92], [0,0.03], [0.03,0.12])/a;3. 

Definition 18 (Scalar multiplication) The scalar multiplication of interval 
neutrosophic set A is an interval neutrosophic set B, writeen as B = a- A, whose 
truth-membership, indeterminacy-membership and false-membership functions 
are related to those of A by 



inf Tb (x) 


= niin(inf Ta(x) • 


a, 1), 


(58) 


sup Tb{x) 


= niin(supTA(a::) 


• a, 1), 


(59) 


inf Ib (x) 


= niin(inf Ia{x) ■ 


a, 1), 


(60) 


sup Ib (x) 


= niin(sup 


a, 1), 


(61) 


inf Fb (x) 


= niin(inf 


a, 1), 


(62) 


sup Fb (x) 


= min(supF^(a;) 


• a, 1), 


(63) 



for all X in X , a G 

Definition 19 (Scalar division) The scalar division of interval neutrosophic 
set A is an interval neutrosophic set B, writeen as B — a ■ A, whose truth- 
membership, indeterminacy-membership and false-membership functions are re- 
lated to those of A by 



inf Tb 


[x) 


= min(inf rA(a;)/a, 1), 


(64) 


supTs 


ix) 


= min(suprA(a;)/a, 1), 


(65) 


inf Ib 


[x) 


= min(inf /yi(a;)/a, 1), 


(66) 


sup/s 


ix) 


= min(sup/yi(a;)/a, 1), 


(67) 


inf Fb 


ix) 


— min(inf F^(a;)/a, 1), 


(68) 


sup Fb 


ix) 


= min(supF4(a;)/a, 1), 


(69) 



for all X in X , a G . 

Now we will define two operators: truth-favorite (A) and false-favorite (V) 
to remove the indeterminacy in the interval neutrosophic sets and transform 
it into interval valued intuitionistic fuzzy sets or interval valued paraconsistent 
sets. These two operators are unique on interval neutrosophic sets. 

Definition 20 (Truth-favorite) The truth-favorite of interval neutrosophic 
set A is an interval neutrosophic set B , writeen as B ^ l\A, whose truth- 
membership and false-membership functions are related to those of A by 



inf Tb 


x) 


= min(inf T/i(a;) - 


-inf/A(x),l), 


(70) 


sup Tb 


x) 


= min(supT4(a;) - 


f sup/a(x), 1), 


(71) 


inf Ib 


x) 


- 0, 




(72) 


sup Ib 


x) 


- 0, 




(73) 


inf Fb 


x) 


= inf Fa (s), 




(74) 


sup Fb 


x) 


= sup Fa (x), 




(75) 



for all x in X . 
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Example 8 Let A be the interval neutrosophic set defined in Example^ Then, 



AA = ([0.5, 0.9], [0, 0], [0.3, 0.5]}Ati + ([0.5, 0.9], [0, 0], [0.2, 0.3]}/x2 + 
([0.8,1.0],[0,0],[0.2,0.3])/a;3. 



The purpose of truth-favorite operator is to evaluate the maximum of degree 
of truth-membership of interval neutrosophic set. 

Definition 21 (False-favorite) The false-favorite of interval neutrosophic set 
A is an interval neutrosophic set B, writeen as B — VA, whose truth-membership 
and false-membership functions are related to those of A by 



for all X in X . 

Example 9 Let A be the interval neutrosophic set defined in Example^ Then, 
VA = ([0.2, 0.4], [0, 0], [0.6, 1.0])/a;i + ([0.5, 0.7], [0, 0], [0.2, 0.5])/x2 + 
([0.6,0.8], [0,0], [0.4, 0.6])/a;3. 

The purpose of false-favorite operator is to evaluate the maximum of degree 
of false- membership of interval neutrosophic set. 

Theorem 4 For every two interval neutrosophic sets A and B: 

1. A(ylUS) C AAU AS 

2. AAn AB C A(AnS) 

3. VAU VB C V{AyjB) 

I v(Ans) c v^n V5 
4 Properties of Set-theoretic Operators 

In this section, we will give some properties of set-theoretic operators defined 
on interval neutrosophic sets as in Section |3| The proof of these properties is 
left for the readers. 

Property 1 (Commutativity) AUB = BUA, AnB = BnA, A+B = B + A, 
Ax B = B X A 

Property 2 (Associativity) AU (B U C) = (AU B) U C , 

AniBnC) = {AnB)nc, 

A+{B + C) ^ iA + B) + C, 
Ax{BxC) = {AxB)xC. 



MTb{x) 
supTb{x) 

inf Lb{x) 
sup Lb{x) 

infFBix) 
snp Fb{x) 



MTa{x), 
sup Ta (a;), 
0, 
0, 

min(inf Fa{x) -|- inf /.a (a;), 1), 
min(sup Fa (x) + sup La{x),1), 



(76) 
(77) 
(78) 
(79) 
(80) 
(81) 
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Property 3 (Distributivity) AU{BnC) = {A\JB)n{A\JC), An{B\JC) ^ 
{AnB)U{AnC). 

Property 4 (Idempotency) AU A = A, An A = A, AAA = AA, VVA = 
VA. 

Property 5 A f) ^ ^ ^, A U X ^ X , where inf r$ = supT.^ ^ 0, inf /$ = 
sup/$ — iiif _Flj, = supi^$ = 1 and infTx = supTy = 1, ini Ix — sup/x = 
inf Fx = sup Fx = . 

Property 6 A{A + B) = AA + AB, V(A + B)^\7A + VS. 

Property 7AU'i> = A, ACiX^A, where inf r$ = supT^ = 0, inf /$ = 
sup/$ — infF,^ — supF$ = 1 and infTx = supTx = 1, inf /x — sup/x = 
inf Fx = sup Fx — 0. 

Property 8 (Absorption) AU {An B) = A, An{AUB) = A 

Property 9 (DeMorgan's Laws) AUB =^ AnB, AnB ^ AUB. 

Property 10 (Involution) A = A 

Here, we notice that by the definitions of complement, union and intersec- 
tion of interval neutrosophic set, interval neutrosophic set satisfies the most 
properties of class set, fuzzy set and intuitionistic fuzzy set. Same as fuzzy set 
and intuitionistic fuzzy set, it does not satisfy the principle of middle exclude. 



5 Convexity of Interval Neutrosophic Set 

We assume that X is a real Euclidean space for correctness. 

Definition 22 (Convexity) An interval neutrosophic set A is convex if and 
only if 



inf Ta{^xi + 


(1 


- X}X2) 


> 


min(inf Ta (a; i ) , inf Ta (a;2 ) ) , 


(82) 


supTA(Aa;i + 


(1 


- X)X2) 


> 


min(sup Ta{xi), sup Ta (a;2) ) , 


(83) 


inf Ia{^xi + 


(1 


- A).T2) 


< 


max(inf /A(a;i), inf Ia{x2)), 


(84) 


sup/A(Aa;i + 


(1 


- A)a;2) 


< 


max(sup /a (a; 1 ) , sup /a (x2 ) ) , 


(85) 


inf ^^(Aa;! + 


(1 


- A).T2) 


< 


max(inf Fa(xi), inf FA(a;2)), 


(86) 


supFA(Aa;i + 


(1 


-X}X2) 


< 


max (sup Fa (a; 1 ) , sup i^A (a;2 ) ) , 


(87) 


and X2 in X 


an 


d all A in 


[0,1]. 





Fig. 12 is an illustration of convex interval neutrosophic set. 
Theorem 5 If A and B are convex, so is their intersection. 
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Definition 23 (Strongly Convex) An interval neutrosophic set A is 
strongly convex if for any two distinct points Xi and X2, and any A in the 
open interval (0, 1), 



inf Tyi(Aa;i - 


Ki 


- A).T2) 


> 


min(inf (xi ) , inf (2:2 ) ) , 


supTA(Aa;i - 


Ki 


- \)X2) 


> 


min(sup Ta{xi), sup Ta{x2 ) ) , 


inf Ia{^xi - 


Ki 


- \)X2) 


< 


max(inf inf Ia{x2)), 


sup/^(Aa;i - 


Ki 


- \)X2) 


< 


max(sup Ia{xi), sup Ia{x2)), 


inf Fa{\xi - 


Ki 


- A).T2) 


< 


max(inf i^^(a;i), inf FA(a;2)), 


supF4(Aa;i - 


Ki 


- A).T2) 


< 


max(sup i^A (a;i ) , sup Fa (2:2 ) ) , 



for all xi and X2 in X and all A in [0, 1 



(88) 
(89) 
(90) 
(91) 
(92) 
(93) 



Theorem 6 If A and B are strongly convex, so is their instersection. 

6 Conclusions and Future Works 

In this paper, we have presented an instance of neutrosophic set cahed inter- 
val neutrosophic set (INS). The interval neutrosophic set is a generalization of 
classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy sets, interval 
valued intuitionistic fuzzy set, interval type-2 fuzzy set |2j and paraconsistent 
set. The notions of inclusion, union, intersection, complement, relation, and 
composition have been defined on interval neutrosophic set. Various properties 
of set-theoretic operators have been proved. In the future, we will create the 
logic inference system based on interval neutrosophic set and apply the theory to 
solve practical applications in areas such as such as expert system, data mining, 
question-answering system, bioinformatics and database, etc. 

Appendix 

Theorem 1 AU B is the smallest interval neutrosophic set containing both A 
and B. 

Proof Let C = AU B. inf Tb = max(inf Ta, inf Tb), inf Tc > inf T^, inf Tc > 
infTg. supTc = max(sup Ta, sup Tb, supTc > sup Ta, supTc > supT^. 
inf Ic = min(inf I a, inf J^), inf Ic < inf I a, inf Ic < inf Is, 
sup/c — niin(sup/A, sup/s), sup/c < sup /a, sup/c < sup Is, inf Tc — 
min(inf Ta, inf Tb), inf Fc < inf Ta, inf Fc < inf Fb- 

sup Tc ~ min(sup Ta, sup Tb), sup Tc < sup Ta, sup Tc < supT^. That 
means C contains both A and B. 

Furthermore, if D is any extended vague set containing both A and B, then 
inf Td > inf Ta, infT^i > infTg, so inf To > max (inf Ta, inf Tb) — inf Tc- 
supTo > sup Ta, supT^i > sup Tb, sosupTb > max(sup Ta, sup Tb) = sup Tc- 
inf /b < inf /a, inf /b < inf Jb, so inf /b < min(inf /a, inf /b) = inf/c. 
sup Id < sup /a, sup Id < sup Ib, so sup Id < min(sup/A,sup/B) ~ sup/c. 
infTo < inf Ta, inf Tb < inf Tb, so inf Tq < min (inf Ta, inf Tb) = inf Tc. 
supTo < sup Ta, supTo < sup Tb, so sup Tb < min (sup Ta, sup Tb) = 
sup Tc. That implies CCD. 



13 



Theorem 2 An B is the largest interval neutrosophic set contained in both A 
and B . 

Proof The proof is analogous to the proof of theorem 
Theorem 3 A (Z B ^ B (Z A 

Proof A C B 44> infTA < inf Tb, sup Ta < supTB,mf/A > mf/s,sup/A > 
sup Ib , inf Fa > inf Fb , sup Fa > sup Fb inf Fb < inf Fa , sup Fb < sup Fa , 
1 — sup/s > 1 — sup I A, 1 — inf > 1 — inf /a, inf Tb > inf Ta, sup Tb > 
sup Ta ^ B cA. 

Theorem 4 For every two interval neutrosophic sets A and B: 

1. A{A\JB) C AAU AS 

2. AAn AS C A(AnB) 

3. VA U VS C V{A U B) 

4. \7{AnB) c vAn VB 

Proof We now prove the first identity. Let C = AlJ B. 

inf T(7(x) = max(inf Ta(x), inf Tb (a;)), 

supT(7(x) = max(sup Ta(x), sup Tb (a;)), 

inf Ic{x) = min(inf /a(x), inf Ib{x)), 

sup/c(a;) = min(sup /A(a;), sup /s(a;)), 

inf T'c(x) ~ min(inf Fa(x), inf Fb(x)), 

sup-Fc(2;) — min(supFA(x),supFB(x)). 

inf Tag (a;) = min(inf rc(x) + inf /c(a;), 1), 

sup Tag (a;) = min(suprc(a;) + sup Tc(x), 1), 

inf /Ac(a;) = sup/Ac(a;) = 0, 

inf Tag (a;) = inf Ic{x)., 

sup Tag (a;) = sup/c(a;). 

inf TAA(a;) = min(inf TA(a;) + inf /a (a;), 1), 

supTAA(a;) = min(supTAa; + sup /a (a;), 1), 

inf JAA(a;) = sup/AA(a;) = 0, 

inf TAA(a;) = inf /a (a;), 

supTAA(a;) = sup /a (a;). 

inf T/\b{x) ~ min(inf Tb{x) + inf Ib{x), 1), 

supTA_B(a;) — min(suprBa; + sup/B(a;), 1), 

inf /as (a;) = sup /as (a:) = 0, 

inf Fab (x) = inf Ib (x) , 

sup Tab (a;) = sup/s(a;). 

inf TAAuAB(a;) = niax(inf TAA(a;), inf TA_B(a;)), 

supTAAuAB(a;) = niax(suprAA(a;), supTA_B(a;)), 

inf /AAuAB(a;) = sup /AAuAB(a;) = 0, 

inf TAAuAB(a;) = min(inf TAA(a;), inf Tab(x)), 

supTAAuAB(a;) = min(inf TAA(a;),inf TAB(a;)). 

Because, 

inf Ta(aus) < inf Taauab, 
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supTa(^ub) < supTaauab, 

inf /A(yiuB) = inf TaauAS = 0, 

SUp/A(AUB) = SUpTAAUAB = 0, 

inf Fa(aub) = inf -Faauab, 

SUpFa(AUB) = SUpTAAuAB, 

so, A{A U B) C AA U AB. The other identities can be proved in a similar 
manner. 

Theorem 5 If A and B are convex, so is their intersection. 
Proof Let C = AnB, then 

inf rc(Aa;i + (1 - X)x2) > min(inf T^lAxi + (1 - A)a;2), inf Tb(Axi + (1 - A).T2)), 
supTc(Axi + (l-A)a;2) > min(supTA(Axi + (l-A)a;2),supTB(Axi + (l-A).T2)), 
inf /c(Axi + (1 — A)a;2) < max(inf Ia{Xxi + (1 — A)a;2), inf Ib{Xxi + (1 — A)a;2)), 
sup /c(Axi + (1 - A)x2) < max(sup /a(Axi + (1 - A)a;2), sup Ib (Axi + (1 — A)x2)), 
inf Fc{Xxi + (1 - A)a;2) < max(inf Fa{Xxi + (1 - A)a;2), inf FB(Aa;i + (1 - A)a;2)), 
sup Fc{Xxi + (1 - A)a;2) < max(inf Fa{Xxi + (1 — A)x2), inf Fb (Axi + (1 - A)x2)), 
Since A and _B arc convex: inf T/i(Axi + (l — A)x2) > min(inf Ta(x1), inf T/i(a;2)), 
supTa(Axi + (1-A)x2) > min(suprA(xl),suprA(x2)), inf /a(Axi + (1-A)x2) < 
max(inf //i(xl), inf //i(x2)), sup Ja(Axi + (1 — A)x2) < 
max(sup//i(xl),sup/A(x2)), inf i^A(Axi + (1 — A)x2) < 
max(inf FA(xl),inf Fa(x2)), supFa(Axi + (1 - A)x2) < 
max(supF4(xl),supFA(x2)), 

inf Tij(Axi + (l-A)x2) > min(inf Tslxl), inf Ta(x2)), supTB(Axi + (l-A)a;2) > 
min(suprB(xl),suprA(x2)), inf /^(Axi + (1 - A)x2) < 
max(inf /b(x1), inf /a(x2)), sup/b(Axi + (1 — A)x2) < 
max(sup7B(xl), sup /a(x2)), 

inf i^B(Axi + (1 - A)x2) < max(inf FB(xl),inf ^a(x2)), 
supi^B(Axi + (1 — A)x2) < max(supFB(xl),supi^_A(a;2)), 
Hence, 

inf T(7(Axi + (1 — A)x2) > min(min(inf rA(xi), inf rA(x2)) 
, min(inf Tb(xi), inf Tb(x2))) = min(min(inf Ta(xi), inf Tb(xi)), 
min(infrA(x2),infrB(x2))) = min(inf Tc(xi), inf Tc(a;2)), supTc(Aa;i + (1 - 
A)x2) > min(min(supTA(xi), supTa(x2)), 

min(sup Tb (xi ) , sup Tb (x2 ) ) ) = miu(niin(sup Ta (xi ) , sup Tg {xi)), 

min(supr4(3-2)- suprB(x2))) = min(sup rc(xi), supTc(x2)), 

inf Ic{Xxi + (1 — A)x2) < max(max(inf Ia{xi), 

inf Jyi(x2)), max(inf /b(xi), inf /b(x2))) — max(max(inf Jyi(xi), 

inf Ib (xi ) ) . max(inf I a (x2 ) , inf /s (a;2 ) ) ) = max(inf Ic{xi), inf Ic {X2)), 

sup/c(Axi + (1 — A)x2) < max(max(sup /a(xi), sup /a(x2)) 

,max(sup/B(xi),sup/B(x2))) = max(max(sup /^(xi), sup /^(xi)), 

max(sup/A(x2),sup/B(x2))) = max(sup /^(xi), sup /c(x2)), 

inf i^c(Axi + (1 — A)x2) < max(max(inf Fa{xi), inf Fa{x2)), 

max(inf Fb{xi), inf Fb{x2))) = max(max(inf FA{xi).uii Fb{xi)), 

max(inf Fa(x2), inf Fb(x2))) = 

max(inf F(7(xi), inf F(7(x2)), supFc(Axi + (1 - A)x2) 
< max(max(sup Fa (xi), sup Fa (x2 ) ) , 

max(supFB(xi),supFB(x2))) = max(max(supFA(xi),supFB(xi)), 
max(supFA(x2),supFB(x2))) = max(sup Fc(xi), sup Fc(x2)). 

Theorem 6 If A and B are strongly convex, so is their instersection. 
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Proof The proof is analogus to the proof of Theorem [S] 
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